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A. Ahfock  and A. J. Hewitt 
 
Abstract - A high enough DC component in the current on the secondary side of a 
transformer causes distortion of the primary side current. Prediction of such distortion 
relies on the availability of magnetization curves that extend deep enough into saturation. 
A simple test, carried out at rated voltage, is proposed which allows the magnetization 
curve to be deduced from measured data. In addition, a systematic procedure has been 
developed to evaluate the primary current distortion in both single and three phase 
transformers. Comparison between theoretical predictions and practical measurements 
are made with reasonable agreement between the two. 
 
Index Terms - DC injection, transformer saturation 
 
NOMENCLATURE 
 
v= instantaneous supply voltage 
 = instantaneous primary side core flux linkage 
 = DC component of 
% = instantaneous primary side core flux linkage with  removed 
ti = total instantaneous primary referred magnetising current 
oi =instantaneous core loss current 
mi = ti with its DC component removed 
1i = instantaneous primary side current 
2 2i I+ = instantaneous secondary side current 
2I = mean value of secondary side current 
2i = instantaneous secondary side current with 2I removed 
1i = 2i referred to the primary side 
1 2/N N = primary to secondary effective turns ratio 
P = permeance 
F = magnetomotive force 
 = supply frequency in radians/sec 
t = time 
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oR = per phase core loss resistance 
0L = zero sequence inductance = 
2
1 0N P
mL = per phase magnetising reactance 
1L = primary side per phase leakage reactance 
2L = primary referred secondary side per phase leakage reactance 
1R = primary side per phase winding resistance 
2R = primary referred secondary side per phase winding resistance 
 
I. INTRODUCTION 
 
The question of DC injection into the AC network has received significant attention over 
recent years [1-15]. The DC current could be geomagnetically induced [1,2] or could be 
due to power electronic equipment operating under normal conditions [3,9] or under 
abnormal conditions [10-12]. Depending on the level and duration of DC injection, 
possible adverse effects that may result from it are transformer half cycle saturation, AC 
current distortion, transformer overheating [1,2], increased reactive power demand [13], 
corrosion of grounding equipment [5], metering errors and malfunctioning of protective 
equipment [1]. 
 
This paper focuses on the prediction of magnetising current distortion resulting from DC 
offset currents on the load side of single phase and three phase three limb core type 
transformers. Price [1] uses a time-stepping approach to analyse the effects of balanced 
DC injection on several types of transformers. Girgis and Ko [2] also confine their study 
to balanced DC injection and investigate only shell type transformers. Fuchs, You and 
Roesler [14] propose a model to evaluate the effects of DC bias currents on three-limb 
core type transformers. The electromagnetic model used here is similar to theirs. In this 
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paper, however, the DC bias appears explicitly on the load side of the transformer model 
and formed part of the load current during laboratory testing. There are also differences 
in the procedures used to solve the non-linear magnetic circuit equations. Fuchs and You 
[15] extended the model developed in reference [14] so that distortion in the primary 
currents due to DC bias can be evaluated under load conditions. Their model is limited to 
sinusoidal load currents. In this paper the load currents are assumed to be known either 
from calculations or from measurements and there are no restrictions on their 
waveshapes. 
 
The non-linear magnetic characteristics of a transformer core are needed to predict 
distortion of its primary current due to DC injection. Fuchs, Masoum and Roesler [16] 
argue that the cross and with grain B-H curves of core lamination samples do not, by 
themselves, adequately represent the transformer core characteristics because of 
intersheet and butt-to-butt airgaps. They carry out quasi three dimensional modelling, 
using the finite difference method, with geometric data and material properties in the 
form of cross and with grain B-H curves, to deduce the core non-linear magnetic 
characteristics. Transformer magnetisation curves can also be obtained by measurement. 
A measurement technique for the three-limb core type three-phase transformer is 
proposed by Fuchs and You [15]. This essentially requires measurement of higher than 
rated applied voltages and no-load currents. The applied voltage must be high enough to 
saturate the core to the required level. The measurement method proposed in this paper 
has a significant advantage since the applied voltage does not have to exceed rated value. 
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II. SINGLE PHASE TRANSFORMER MODELLING 
The traditional transformer equivalent circuit is essentially the representation of a real 
transformer as a perfect transformer to which circuit elements are connected to represent 
the transformer imperfections.  Power losses are represented by resistances, leakage flux 
by leakage inductances and finite core permeability by the magnetising inductance. 
Figure 1 is such an equivalent circuit. The resistance and reactances making up the 
equivalent circuit are generally non-linear. Core loss resistance oR , for example, depends 
on the frequency and waveshape of the induced voltage. Saturation may have some 
influence on leakage reactance [16]. The decision regarding which circuit non-linearities 
to ignore and which ones to consider depends on the transformer operating features that 
are being investigated. Here the focus is on distortion of the magnetising current. 
Therefore the nonlinear behaviour of mL is considered in detail. All other non-linearities 
have been ignored. It is recognised that under extreme saturation, as would occur under 
some fault conditions [10-12], the assumptions of constant leakage inductances and 
constant effective turns ratio would not be valid. The detailed magnetic field analysis that 
would be necessary to evaluate performance under such conditions is beyond the scope of 
this paper. 
 
For the single phase transformer (figure 1) at steady state, we can write: 
 
1 1 2 2N i N i = (1) 
 2 2 1/ /t m mi i N I N L=  = (2) 
 1 1m oi i i i= + + (3) 
 11 1 1 1
die v i R L
dt
=    (4) 
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1e dt   = + = + % (5) 
 
The load current is given by ( )2 2i I + . Current 2i contains no DC component, is periodic 
but may be non-sinusoidal.  Current 2I is the DC component in the load current.  
Ampere-turn balance (equation (1)) involves only the AC component of the load current.  
The DC component 2I does not have any influence over the reflected load current 1i  .
The core flux linkage is ( ) +% . Flux linkage % contains no DC component, is periodic 
but may be non-sinusoidal. As a result of the DC component in the load current, a DC 
component  exists in the core flux linkage (equation(5)). 
 
The problem to be solved may be stated as follows: Given v , 2i , 2I , the transformer core 
magnetisation curve and values for 1L , oR and 1R , obtain waveforms for mi and 1i . The 
magnetisation curve may not be available or even if it was it may not extend far enough 
into the saturation region.  It is now shown that the magnetisation curve may be obtained 
by a simple inexpensive test.  This requires a half wave rectifier and a purely resistive 
load connected to the secondary side of the transformer. The chosen load resistance 
should be low enough to allow the transformer to reach the desired depth of saturation. 
Current waveforms obtained from tests performed on a single-phase transformer are 
given in figure 2.  The transformer details are given in Table 1. 
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A transformer magnetisation curve is traditionally expressed as a B H curve.  It can 
also be expressed as a graph of flux linkage ( ) against total magnetising current 
( ti )[16]. The equivalence between the B H curve and the ti  curve can be 
demonstrated by multiplying both sides of equation (2) by 1N .
It can be shown that, for the half-wave rectified load being considered, the primary side 
current during the negative half cycle of v , is equal to the sum of the total magnetising 
current and the core loss current oi . Measured primary current with the estimated core 
loss current removed is shown in Figure 2. Since the hysteresis curve is approximated by 
a single valued magnetising curve, flux linkage  is equal to zero when the total 
magnetising current ti is equal to zero.  The time instant 0t at which ti is equal to zero 
can be identified in the measured current waveform of Figure 2.  That is the instant where 
 is also equal to zero.  Thus at any given instant t , greater than 0t but less that the time 
at which 1e crosses zero, the value of ( )ti t can be read from Figure 2 and ( )t can be 
evaluated using: 
 ( )
0
1
1 20
2
t t
t
Nt e dt e dt
N
  = =  (6) 
 
Note that induced voltage 2e used for the above integration is equal to the measured 
secondary voltage 2v , since the secondary current is equal to zero. Figure 3 is the 
transformer magnetisation curve which has been constructed using the test results shown 
in Figure 2 and the expression given in equation (6). 
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Having found the core magnetisation curve, the waveforms for magnetising current mi
and primary current 1i can be obtained by using the following iterative procedure: 
 
(1) Discretize one period of v to define a large enough number of time instants. (If 
descretization is too coarse then distortion of the magnetising current will not be 
accurately predicted.) . 
(2) Make the initial assumption that 0mi = and that 1 1i i = . Current i is obtained by 
using equation (1) together with given or measured values of 2i .
(3) Use the given or measured values of v and equation (4) to determine 1e .
(4) Make an initial guess for  .
(5) For each of the time instants generated in step 1 evaluate  using equation (5). 
(6) For each value of  found in step 5, use the magnetisation curve to obtain the 
corresponding values of ti .
(7) Evaluate the mean of ti and compare it with 2 2 1/N I N . If the difference is greater 
than the desired tolerance, then modify  and return to step 5.  Otherwise proceed 
to step (8). 
(8) Obtain the waveform for mi by subtracting the mean of ti from ti .
(9) Compare the newly obtained waveform for mi with the one most recently calculated 
or assumed. If the difference is less than the desired tolerance then consider the 
problem of determination of mi and 1i solved. Otherwise proceed to step 10. 
(10) Obtain values for oi by using 1 0/oi e R= .
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(11) Obtain the primary current waveform by using equations (3) and return to step 3. 
The above steps form two iterative loops. The inner loop is for the determination of 
and the magnetising current ( mi ) waveform for a given induced voltage ( 1e ) waveform. 
The outer loop is for updating the 1e waveform using equation (4) after each convergence 
of the inner loop. 
 
III. SINGLE PHASE TESTS 
The procedure detailed in section II was used to predict the magnetising and primary 
current waveforms under different loading conditions.  The magnetising current 
waveform ( mi ) corresponding to a DC injection ( 2I ) of 150 mA is shown in Figure 4.   
It can be deduced from the waveform and equation (3) that the primary current will 
experience maximum distortion near the negative to positive zero crossing of the supply 
voltage, that is near time 0t = . This is confirmed by the measured current waveform of 
Figure 5. If there were no distortion, the zero crossing of the current waveform would 
occur very close to the time origin because the power factor is unity. This is also the time 
when the core is most saturated resulting in the transformer drawing a relatively large 
magnetising current which in turn causes substantial distortion of the primary current. 
Results of tests performed with different power factor loads were also in good agreement 
with theoretical predictions. 
 
IV. THREE-LIMB TRANSFORMER MODELLING 
The single phase theory presented in Section II is based on a single loop magnetic circuit 
whose non-linear permeance is defined by the magnetising curve of Figure 3.  The same 
theory can be extended to model three phase transformers. The model for a 3-limb 
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transformer is based on the magnetic circuit shown in Figure 6. AP , BP and CP represent, 
respectively, permeances of flux paths along the right side, centre and left side limbs of 
the core. AP , BP and CP are non-linear because of core saturation and, generally, are not 
equal and are defined by different magnetisation curves. Zero sequence flux paths are 
represented by permeance oP . Although a substantial proportion of the zero sequence flux 
path is through the transformer steel tank, the air gap between the tank and the core is 
sufficient for oP to be considered constant.   
 
The test circuit used to determine the side limb magnetising curves is shown in Figure 7.  
Details of the delta-star test transformer are given in Table 2.  The magnetising curves 
were deduced in a similar way to that used to obtain Figure 3.  Waveforms for 1Ai and anv
were recorded and were used together with equation (7) to derive the magnetisation curve 
for the A-phase side limb. 
 ( )
0
1
2
'
t
A ant
Nt v dt
N
 =  (7) 
where 0t is the instant of the positive to negative zero crossing of 1( )A oAi i and t is 
greater than 0t but less than the time at which anv crosses zero. Since the recorded 
waveform for 1Ci and cnv were practically identical to those of 1Ai and anv , the 
magnetisation curve for the C-phase side limb produced by using equation (8), is virtually 
identical to that of the A-phase side limb (Figure 9). 
 ( )
0
1
2
'
t
C cnt
Nt v dt
N
 =  (8) 
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The test circuit used to determine the centre limb magnetising curve is shown in Figure 8.  
Waveforms for 1Bi and bnv were recorded and then used together with equation (9) to 
derive the magnetisation curve shown in Figure 10. 
 ( )
0
1
2
'
t
B bnt
Nt v dt
N
 =  (9) 
where 0t and t are defined as was done for equation (7). 
 
Once the three magnetising curves (Figure 9 and 10) are available, the waveforms for the 
magnetising currents mAi , mBi and mCi and for primary currents 1Ai , 1Bi and 1Ci (Figure 
11) can be obtained by the following iterative procedure: 
 
(1) Discretize one period of the supply voltage into small intervals in order to define a 
large enough number of time instants. 
(2) Make the initial assumption that mAi , mBi and mCi are equal to zero and that 1 1A Ai i = ,
1 1B Bi i = and 1 1C Ci i = .
(3) Use the given or measured values of ABv , BCv and CAv and equations (10), (11) and 
(12) to determine the primary side induced voltages ABe , BCe and CAe .
(4) Make an initial guess for A , B and C .
(5) For each of the time instants defined in step (1) evaluate A , B and C using 
equations (13),(14) and (15). 
 11 1 1 AAB AB A A A
die v i R L
dt
=    (10) 
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1
1 1 1
B
BC BC B B B
die v i R L
dt
=    (11) 
 11 1 1 CCA CA C C C
die v i R L
dt
=    (12) 
 A AB A A Ae dt   = + = + % (13) 
 B BC B B Be dt   = + = + % (14) 
 C CA C C Ce dt   = + = + % (15) 
 
(6) For each value of A , B and C found in step (5), use the magnetisation curves 
of Figures 9 and 10 to get the corresponding values of 1/AF N , 1/BF N and 1/CF N .
(7) For each time instant evaluate 1/tF N , which is defined in Figure 6, using: 
 ( )1/ /t A B C oF N L  = + +  (16) 
where oL is the zero sequence inductance. 
(8) For each time instant evaluate tAi , tBi and tCi using: 
 1 1/ /tA A ti F N F N= +  (17) 
 1 1/ /tB B ti F N F N= +  (18) 
 1 1/ /tC C ti F N F N= +  (19) 
(9) Evaluate the mean of tAi , tBi and tCi and compare them, respectively, with 
2 2 1/aN I N , 2 2 1/bN I N and 2 2 1/cN I N . If any one of the differences is greater than 
the desired tolerance then modify A , B and C and return to step (5).  
Otherwise proceed to step (10). 
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(10) Obtain waveforms for mAi , mBi and mCi by subtracting from tAi , tBi and tCi their 
respective mean values. 
(11) Compare the newly obtained waveforms for mAi , mBi and mCi with the ones most 
recently calculated or assumed. If differences are less than the desired tolerance 
then consider the problem of determining the magnetising currents and primary 
currents solved. Otherwise proceed to step (12). 
(12) Obtain core loss currents 0Ai , 0Bi and 0Ci .
(13) Obtain the phase currents 1Ai , 1Bi and 1Ci by using: 
 1 2 2 1/A mA a oAi i N i N i= + + (20) 
 1 2 2 1/B mB b oBi i N i N i= + + (21) 
 1 2 2 1/C mC c oCi i N i N i= + + (22) 
(14)   Return to step (3). 
V. THREE-PHASE TESTS 
The procedure detailed in Section 4 was used to predict the magnetising current and 
primary current waveforms under different DC injection regimes. Examples of predicted 
magnetising currents are shown in Figures 12 and 13.  As expected magnetising current 
distortion is most severe near the instants when one of A , B or C reaches its peak 
value. Figures 12 and 13 show that different DC injection regimes lead to different 
distortion patterns. In Figure 12 distortion is centred where A reaches its negative peak 
since the DC component is present in A-phase only. In Figure 13, the distortion is centred 
where A reaches its negative peak and where C reaches its positive peak 
because 2 2a cI I=  . The value of the zero sequence inductance has a significant influence 
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on the distortion pattern. A relatively high value of 0L has a decoupling effect on the main 
legs of the magnetic circuit. That is, if 0L is large enough then DC injection in a particular 
phase tends to cause distortion that is restricted to that phase with the other two phases 
unaffected. On the other hand a reduction in 0L causes reduced distortion of current in 
the phase or phases in which DC is injected and increased distortion in the other phase or 
phases. The fundamental reason for this is the increased influence of mmf tF as 0L gets 
smaller (equation(23)). 
 
An example of measured primary currents is given in Figure 14. With an assumed value 
of 2mH for 0L , there is reasonable agreement with theoretical predictions. As expected 
the A-phase current is the most severely distorted around 0t = whereas phase C is the 
one most severely affected 060 later. There were also good agreement between 
theoretical predictions and measured primary currents for other patterns of DC injection. 
In particular, it was confirmed by measurements that, due to the small value of 0L , the 
zero sequence component of DC injection causes very little distortion of the magnetising 
current. 
VI. CONCLUSIONS 
A systematic procedure has been proposed for the prediction of transformer magnetising 
current distortion resulting from secondary side DC currents. The procedure, which has 
been applied to a single phase transformer and a three-limb three-phase transformer, can 
be extended to the five limb three-phase transformer. A simple technique has also been 
proposed for the experimental determination of the transformer magnetisation 
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characteristics. The main advantage is that the technique does not require the supply 
voltage to transformer winding to be higher than the rated value. Once the magnetisation 
curves are available the procedure that has been presented allows prediction of primary 
current distortion. There are reasonable agreement between measured currents and those 
predicted by the proposed method. It has also been confirmed both theoretically and 
experimentally that in the case of the three-limb three phase transformer, provided the 
zero sequence inductance is low enough, only non-zero sequence DC currents cause 
significant core saturation and primary current distortion. 
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Figure 1: Single Phase Transformer Model 
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Figure 2: Measured current waveforms. 
(Estimated core loss current removed) 
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Figure 3: Magnetising curve deduced from Figure 2 and equation (6). 
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Figure 4: Predicted magnetising current distortion due to a secondary side DC current 
of 150mA. 
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Figure 5. Primary current waveforms with unity power factor load. 
(Secondary DC injection = 150 mA) 
 
Page 21 of 32
IEE Proceedings Review Copy Only
Electric Power Applications
PA PB PCFA FB FC
N i1 tA N i1 tB N i1 tC
Ft

A 1/N 
B 1/N 
C 1/N
Po
Figure 6: Magnetic circuit model of a 3-limb, 3-phase transformer 
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Figure 7: Test circuit to determine the side limb magnetizing curves 
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Figure 8: Tests circuit to determine the central limb magnetizing curve 
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Figure 9: Side limb magnetising curve. 
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Figure 10: Centre limb magnetising curve. 
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Figure 11: 3-phase transformer with DC injection. 
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Figure 12: Predicted magnetising current with 2 0.62aI A= , 2 0bI A= and 2 0cI A= .
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Figure 13: Predicted magnetising currents with 2 0.62aI A= , 2 0bI A= and 
2 0.62cI A=  .
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Figure 14: Comparison between predicted and measured primary currents (unity 
power factor load, 2 0.62aI A= , 2 0bI = , 2 0.62cI A=  )
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Table 1:  Single Phase Transformer Data 
 
Rated Primary voltage (V) 240 
Rated Secondary voltage (V) 415 
Rated Primary current (A) 3 
Rated Secondary current (A) 5 
VA rating 1200 
Rated Frequency (Hz) 50 
Primary referred total leakage reactance (O) 1
Primary winding DC resistance (O) 0.65
Secondary winding DC resistance (O) 1.5
Coreloss resistance (O) 1500
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Table 2:  Three-Phase Transformer Data 
 
Rated Primary voltage (V) 415 
Rated Secondary voltage (V) 112/205 
Rated Primary current (A) 12.8 
Rated Secondary current (A) 25.4 
VA rating 9176 
Rated Frequency (Hz) 50 
Primary per-phase DC winding resistance (O) 0.7
Secondary per-phase DC winding resistance (O) 0.5
Primary referred per-phase total leakage reactance (O) 1.0
Per-phase coreloss resistance (O) 1200
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